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I. INTRODUCTION
Predicting the energy level structure of molecules from first principles is one of the major goals and tasks of theoretical molecular physics and chemistry. Few-electron molecules such as H 2 + , H 2 and He 2 + are particularly attractive systems for comparison with experimental results because numerically "exact" predictions of molecular properties can in principle be obtained, i.e., predictions that are only limited in accuracy by the uncertainties of fundamental constants. For H 2 + and H 2 , remarkable progress has been achieved by theoretical calculations in the past ten years [1] [2] [3] [4] [5] [6] . The most precise theoretical calculations in these molecules are based on an effective nonrelativistic form of QED that treats relativistic and radiative effects perturbatively using the nonrelativistic wave functions. Remarkable progress has also been made in experimental determinations of energy intervals in these molecules [7] [8] [9] [10] [11] [12] [13] so that the prospect of exploiting the comparison of theoretical and experimental results in these systems to either improve the accuracy of fundamental constants [14] or uncover new physical phenomena [15, 16] becomes increasingly attractive. For instance, Salumbides et al. argue that precision measurements in molecules may reveal (or at least set upper bounds to potential effects of) so far unknown forces acting on nuclei at distances typical of molecular bonds [16, 17] . In general, precision measurements in simple systems are ideal to test theoretical predictions at the most fundamental level. The three-electron molecule He 2 + , with nuclei four times as heavy as those in H 2 (+) , is also an attractive molecular system in this context.
Ab initio calculations in He 2 + were carried out almost immediately after Heitler and London showed how to efficiently treat electron correlation in H 2 [18] . Majorana [19] and Pauling [20] extended the Heitler-London method to predict the dissociation energy, the equilibrium distance, and the harmonic vibrational frequency of He [34] . Tung et al. [32] reported the accuracy of their calculations to be limited by the neglect of relativistic and QED corrections, which they estimated to be on the order of 0.004 cm −1 (120 MHz) for the low-lying rovibrational levels of He 2 + by comparing such corrections in H 2 with the relativistic correction calculated for the ν = 0 − 1 interval of 3 He 4 He + [35] .
Experimental measurements of the low-lying levels of 4 He 2 + are complicated by the fact that 4 He 2 + is apolar and has no electric-dipole-allowed vibrational and rotational transitions. Recently we have started systematic measurements of the energy-level structure of H 2 + and He 2 + by multichannel-quantum-defect-theory(MQDT)-assisted Rydberg spectroscopy of H 2 [7, 9, 12, 36] and He 2 [37, 38] . In the case of He 2 + , the procedure consists of measuring high-resolution spectra of triplet (S = 1), np Rydberg states of very high principal quantum number n from the a 3 Σ + u metastable state of He 2 and extrapolating the Rydberg series to their limits using MQDT [39] . We report here the determination of the term values of all rotational levels of the X + 2 Σ Figure 1 . Schematic representation (not to scale) of the experimental setup. Shown are the pulsed-amplified ringdye-laser system and spectrometer containing the discharge source, the Zeeman decelerator, and the magnetically shielded photoexcitation region. Nd:YAG, neodymium-doped yttrium aluminum garnet; WM, wavemeter; SMF, single-mode fiber; BBO, beta-barium-borate crystal; MCP, microchannel-plate detector.
II. EXPERIMENTAL PROCEDURE
The experimental setup is presented schematically in Fig. 1 (see also Refs. [38] and [40] ). The measurements were performed with a three-stage pulse-amplified laser system [41] that was seeded with the output of a continuous-wave (cw) ring dye laser and pumped by the second harmonic of a Q-switched neodymium-doped yttrium-aluminium-garnet (Nd:YAG) laser. The pulseamplified output of the ring laser was frequency doubled in a beta-barium-borate crystal, resulting in nearFourier-transform-limited pulses of UV radiation with a bandwidth of 180 MHz. The frequency was adjusted by scanning the seed-laser frequency.
Calibration of the laser fundamental frequency to an accuracy of 20 MHz (1σ) was achieved by coupling a fraction of the pulse-amplified output of the ring laser into a wavemeter (HighFinesse WS7). To quantify the effects of the frequency chirp arising in the pulse-amplification process, part of the cw output of the ring laser was used to record the laser-induced-fluorescence spectrum of I 2 so as to determine the difference between the frequencies of the cw and pulse-amplified outputs of the ring dye laser.
A supersonic beam of metastable helium molecules was produced in a source chamber by striking an electric discharge through an expansion of pure helium gas at the exit of a pulsed valve [42] . The body of the valve was cooled to a temperature of 77 K, resulting in a supersonic beam with a velocity of approximately 1000 m/s [43] . The molecular beam was collimated with a 2-mmdiameter skimmer before entering a second, differentiallypumped vacuum chamber containing a 55-stage Zeeman decelerator [43] [44] [45] . Although the Zeeman decelerator was not used to obtain the results presented below, it played an important role in the initial assignment of the spectra and in the assessment of the systematic uncertainty resulting from the Doppler effect, as explained in Refs. [38] and [40] .
After about 1 m of flight, the molecules entered a third vacuum chamber that was used for photoexcitation and detection. The photoexcitation region was surrounded by a cylindrically symmetric stack of electrodes for the application of ionization and extraction electric fields. The molecular beam crossed the UV laser beam at right angles on the symmetry axis of the electrode stack, which was oriented perpendicularly to the plane defined by the laser and molecular beams. High-n Rydberg states were ionized by a pulsed electric field, which was also used to extract the ions toward a microchannel-plate (MCP) detector. The spectra were obtained by monitoring the pulse-field-ionization yield as a function of the UV laser wavenumber. The spectra were greatly simplified by applying a small electric field shortly after photoexcitation but before the field-ionization pulse. This first "discrimination" pulse did not only field ionize Rydberg states with n 200, but also shifted all ions produced by direct ionization or rapid autoionization (prompt ions) out of the photoexcitation volume. Consequently, the ions generated by the second, field-ionization pulse had different flight times to the MCP detector than the prompt ions and could be monitored separately. Stray electric fields were determined by recording spectra in the presence of different applied potentials across the stack and fitting the observed Stark shifts to a quadratic polynomial and were compensated to a level of better than 1 mV/cm, as explained in Ref. [46] . To suppress stray magnetic fields, two concentric mu-metal tubes were used to shield the photoexcitation region.
III. RYDBERG SERIES OF He2 AND MULTICHANNEL QUANTUM-DEFECT THEORY CALCULATIONS
With the exception of the single bound level of the electronic ground state, all bound states of He 2 are Rydberg states [47] . The rotational levels of the a + u metastable state is split into a triplet by the spin-spin and spin-rotation interactions [49] . The rotational levels are labeled by the rotational quantum number N and the total angular momentum quantum number J (J = N , N ± 1). Each rotational level consists of a triplet with characteristic splittings, which are known extremely precisely from the high-resolution microwave studies of Lichten et al. [49, 50] and Bjerre et al. [51, 52] . Consequently, all transitions have a triplet structure with characteristic splittings and intensity patterns that can be used to assign the initial level in a straightforward manner. Examples of these patterns for transitions originating from the N = 1 − 11 levels are given on the right-hand side of Fig. 2 . Three Gaussian functions of full width at half maximum of 180 MHz, separated by the known fine-structure intervals [49] [50] [51] [52] [53] and with relative intensities weighted by the 2J + 1 degeneracy factors, were used to convert each observed triplet into its "fine-structure-free" center of gravity. All transition wavenumbers reported in this article correspond to such centers of gravity.
Rydberg series converging on a particular (ν + , N + ) rovibrational level of the X + 2 Σ + u electronic ground state of He 2 + are approximately described by Rydberg's formulã
whereν n represents the spectral position of the Rydberg states of principal and orbital angular-momentum quantum numbers n and , respectively, and quantum defect δ . The quantities R He2 and E I represent the masscorrected Rydberg constant for He 2 and the adiabatic ionization energy of metastable He 2 , corresponding to the energy difference between the X + 2 Σ In this work, we determined the ionization thresholds corresponding to the different rotational levels of He 2 + with respect to the N = 1 rotational state of He * 2 by extrapolating Rydberg series of metastable helium molecules using the MQDT program developed by Jungen [39] . The data used for the extrapolation consist of np Rydberg series with n ranging from 95 to 110, excited from the ν = 0 and N ≤ 19 levels of metastable He 2 .
The quantum-defect parameters for the gerade triplet np and nf Rydberg states of He 2 , derived by Sprecher et al. [37] , was adopted without change for the extrapolation of the Rydberg series. In Ref. [37] , internuclear-distance(R)-dependent and energy( )-dependent η eigenquantum-defect matrices were extracted from data available in the literature on np and nf Rydberg levels with n in the range 2 − 39, v + ≤ 2, and N + ≤ 19 in a least-squares-fit procedure. High-n Rydberg states were not used in the fit, because the level energies of high-n Rydberg states are insensitive to adjustments of the quantum defects, a fact that is also exploited in the present analysis (see Ref. [37] for details). Fig. 2 ) rotational levels of the metastable state, which enables one to determine the relative position of the N − 2 and N levels by building combination differences.
IV. DATA ANALYSIS AND RESULTS

The dominant npN
To obtain a full set of rotational intervals in the a 3 Σ + u state of He 2 and the X + 2 Σ + u state of He 2 + , we proceeded in two steps. First, initial-state combination differences ν N −2,N , i.e., the energy intervals between the N − 2 and N rotational levels, were determined as illustrated in Fig. 3 with the example of the N = 15 and 17 levels, where the upper and lower panels show the np15 16 series around n = 57 recorded from the N = 15 and N = 17 levels, respectively. Each member of this series observed from both rotational levels represents an independent measurement ofν 15,17 . The differences between the centers of gravity of the triplets (marked by vertical dashed lines) give a value of 481.1061(7) cm Table S1 of the Supplementary Material. These transitions form a redundant network, from which the relative positions of all states connected by the transitions can be determined in a global fit, as described in Ref. [54] . The rotational term values of the a 3 Σ + u (ν = 0) metastable state of He 2 presented in the third column of Table I could be determined in this way up to N = 19. These term values agree, within the respective uncertainties, with the rotational term values we calculated with the rotational constants reported by Focsa et al. [53] and presented in the second column of Table I. In the second step, the positions of the rotational levels of the He 2 + ion were determined by extrapolating Figure 4 presents spectra of the np[N + = N ] N =N ,N +1 ← N Rydberg series recorded for this purpose, and Table II lists the corresponding transition wavenumbers. The choice of the range of principal quantum number between 95 and 110 used for the extrapolation represented the best compromise between maximal accuracy of the Rydbergseries extrapolation, which is reached at the highest possible values of n, and minimal systematic uncertainties in the wavenumber measurements. In our experiments (see discussion below), the dominant source of systematic uncertainty comes from Stark-shifts induced by residual electric fields, which could be compensated to 1 mV/cm. This uncertainty amounts to 10 MHz at n = 110 and scales with n 7 , which made extrapolations based on transitions including Rydberg states with n > 110 insufficiently accurate.
The spectra depicted in Fig. 4 all reveal at least one of the two expected series. In some spectra, such as the spectrum of the np1 1,2 ← 1 transitions, perturbations lead to regions where the two series are clearly distinguishable (e.g., in the region n = 100 − 105 and above n = 109 in the np1 1,2 series). In other spectra, the two series are difficult to distinguish because of the partially overlapping fine structure and reliable "fine-structurefree" positions can only be derived from the analysis of lineshapes.
In an initial fit, the np19 20 ← 19 series was excluded, because of its interaction with the np21 20 series which could not be measured at sufficiently high n values for the N + = 21 threshold to be accurately determined. The rotational energy levels with N + ≤ 19 obtained in this way were used to derive a set of effective rotational constants that was subsequently used to predict the term value of the N + = 21 level with respect to the N + = 1 level (3158.115 cm −1 ). The ionization thresholds of all series, including the np19 20 series, were then determined in a second fit for which the N + = 21 threshold was fixed at the predicted value. The relative positions of the ionic rotational states obtained from the transition wavenumbers listed in Table II and from the known positions of the rotational levels of the metastable state (see third column of Table I) , as already reported in Ref. [38] . Table III summarizes the main sources of systematic and statistical uncertainty in the determination of ionization thresholds and He 2 + rotational intervals. The main source of statistical uncertainty comes from the lineshape analysis and the wavenumber calibration (25 MHz), resulting from the accuracy of the wavemeter. The systematic uncertainty of the ionization thresholds is larger (40 MHz) than that of the rotational intervals because the absolute calibration error cancels out when building combination differences. Although the absolute accuracy of the wave-meter measurements is specified as 20 MHz, the (9) a Calculated using the rotational constants reported by Focsa et al. [53] . b The observed rotational term values can be described by B intrinsic Allan deviation over periods shorter than 1 min lies typically around 300 kHz [55, 56] . Long-term fluctuations of the wavemeter were monitored by recording a small part of the spectrum prior to each measurement and performing a statistical analysis of the fitted line positions. The resulting histogram is shown in Fig. 5 and resembles a Gaussian distribution with a standard deviation of 25(5) MHz in the UV. This uncertainty of 25 MHz approximately corresponds to the specified relative accuracy of the wavemeter of 10 MHz in the fundamental and contributes a statistical uncertainty of 25 MHz to the rotational intervals. The uncertainty of the Rydberg-series extrapolation by MQDT is dominated by the uncertainty in the quantum-defect parameters reported in Ref. [37] and is only 3 MHz for the ionization energy and 6 MHz for the rotational intervals. This uncertainty does not cancel out when determining the relative positions of the ionic levels because the series of different N values were extrapolated separately.
The remaining systematic uncertainties are dominated by the contribution of the Stark shift resulting from the residual electric field. The other sources of systematic uncertainties only affect the value of the ionization energy because they cancel out when determining the relative positions of the ionic rotational levels.
As explained in Sec. II, the stray electric field was determined and subsequently compensated by recording Rydberg spectra in the presence of different dc electricfield strengths and fitting the observed Stark shifts to a quadratic polynomial. Stray magnetic fields were suppressed by surrounding the photoexcitation region by two concentric mu-metal shields. The contribution of Stark and Zeeman shifts induced by residual electric and magnetic fields are 10 and 1 MHz, respectively. No shift in the line positions was observed when the laser power and the nozzle-stagnation pressure were varied, and the contributions of ac-Stark and pressure shifts to the systematic uncertainties is estimated to be at most 2 and 1 MHz, respectively. Uncertainties from Doppler shifts were determined to be around 5 MHz.
V. DISCUSSION AND CONCLUSIONS
The most precise ab initio calculations of the rovibrational energy levels of He 2 + reported so far have been carried out by Tung et al. [32] . The calculations relied on the use of 1200 explicitly correlated Gaussian functions with shifted centers in the range of internuclear distances between R = 0.9 and 100 a 0 to obtain the Born-Oppenheimer potential energy function. To derive accurate rovibrational energies, Tung et al. [32] also calculated the adiabatic corrections and included nonadiabatic corrections by using R-independent effective reduced masses in the vibrational and rotational kinetic operators in the Hamiltonian. Relativistic and radiative corrections were neglected, but using an argument based on scaling these corrections from the values they take in H 2 [5] to the relativistic correction for the first vibrational interval of 3 He 4 He + [35] and assuming that these corrections are mass independent, they estimated their predictions of the lowest vibrational interval in He 2 + to have an accuracy of about 0.004 cm −1 , or 120 MHz. Comparison of our experimental results with the predictions of Tung et al. [32] , we find that the experimental term values always lie above the calculated ones, and that the discrepancies rapidly increase with increasing rotational quantum number (see Fig. 6 ), reaching a value of almost 0.07 cm −1 (2.1 GHz) at N + = 19, which is more than ten times larger than the estimated uncertainty of the calculations. In reconstructing the argument of Tung et al. [32] , we found that the rela- [5] by the factor 3.9. The results are displayed as the dashed line in Fig. 6 . The scaled corrections appear to account for the discrepancies between experimental and calculated rotational term values reasonably well up to N + = 11, but rapidly become inadequate beyond N + = 11. Further work is required to understand the origin of this discrepancy. It is conceivable that the approximate treatment of the nonadiabatic correction through R-independent reduced masses in Ref. [32] becomes increasingly inaccurate as N + increases.
The results presented in this article suggest that even the best ab initio calculations available in the literature on the three-electron molecule He 2 + are still far from Figure 6 . Differences between experimental (this work) and theoretical rotational term values (from Ref. [32] ) in the X + 2 Σ + u (ν + = 0) state of He2 + (full squares). The experimental results of Sprecher et al. [37] are plotted as diamonds. The dashed line represents the corrections to the energy levels of molecular hydrogen that were scaled to the relativistic correction of the fundamental vibration in 3 He 4 He + (see text).
